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ABSTRACT 
A typical result given in this paper is as follows: For an N X N positive definite 
Hermitian matrix A and for any vector x E CN, we obtain the inequality 
(expx)*(expA-‘)-l(expx) <exp(x*Ax), 
where, for x=(x1,x2 ,..., xN)r, expx=(exprl,expx2 ,..., expxN)r and for A= 
11~~~11, expA = Il(exp a,,)ll. We deal with inequalities of this type in a more general 
situation by using the theory of reproducing kernels. 
1. INTRODUCTION 
We consider complex N X N matrices. The transpose and the complex 
conjugate of a matrix C are denoted by CT and c, respectively. Further C * 
denotes complex conjugate transpose; that is, C * = CT. The space of N X 1 
matrices is denoted by 4= “, and its elements by x,Y, x(j), k,, etc. 
We first recall that to every positive definite matrix there corresponds a 
uniquely determined inner product space admitting the matrix as a reproduc- 
ing kernel. See Aronszajn [2, p. 344; 1, p. 1431, and see Saitoh [7, Introduc- 
tion] for our situation. 
Let E denote the set {1,2,..., N }. We consider any positive definite 
Hermitian matrix A = /ay,,l(, and we set A” =A-‘= (lG,,J. We will think of 
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CN as the vector space of all complex functions on E, and will denote this 
space by H [ A] when it is provided with the following inner product 
( P L&4]: 
Corresponding to A we consider the following function k(v, p) on E X E: 
k(v, d = 4s. (1.2) 
This function is the reproducing kernel for the space H [ A] = H,; this means 
that if we consider (1.2) as a row of column vectors k, = (a”,,, G,,, . . . , ~,,)‘, 
they will give back the components of the arbitrary vector x = (xi, x2,. . . , x~)~ 
by the rule 
w&,a, = XP. (I-3) 
In [7], we discussed some results springing from the idea of the sum and 
product of reproducing kernels. 
We now take any nonconstant entire function 
and consider the function K(v, cl) on E X E: 
K+) =@(k(v,p)) = fi dk(w)l”~ 
n=O 
(1.5) 
Note that ]]K(v, p)]] is a positive definite matrix, and so we can consider 
again the inner product space HK admitting the reproducing kernel K(v, CL). 
The purpose of this paper is to discuss the relationship between the two 
spaces H, and H,. For some similar discussions in the case of infinite 
dimensional spaces, see Saitoh [5, 61 and Burbea [3, 41. Note that various 
special functions such as et and confluent hypergeometric functions have the 
property (1.4). 
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2. QUADRATIC INEQUALITIES 
The relationship between H, and H, comes from the general theory of 
reproducing kernels due to Aronszajn [2] and Schwartz [B]. Indeed, the 
relationship deduced from (1.5) is given by 
H, = joPn[(Hd.,l R’ (2.1) 
where [(Hk)klR = (Hk)L = H,, and for n 2 2, [(Hk)tlR is the space admit- 
ting the reproducing kernel [k(v, p)]". For [( Hk)L] R, we must realize the 
space admitting the reproducing kernel 
‘1 1 1 *a* l\ 
1 1 1 ... 1 
PO : : : 9 
,i i i **. i,NXN 
as we see from (1.5). But this space [(Hk)tlR is composed of vectors in the 
form 
xc=(c,c,...,c) T 
and with the norm 
Indeed, we have 
For the construction of HK in terms of the right hand side of (2.1) in the 
general situation, see Aronszajn [2] and Schwartz [B]. 
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The construction of [(Hk)z] s (n > 2) in our situation is stated in [7]. We 
set 
@(A) = f p,A@ (2.2) 
n=O 
for 
‘1 1 1 ... l\ 
A@= 1 , 1 . 1 .
... 
1 and A@ = . * ]]arP:,l]. 
; ; ; . . . ; 
For x=(x1,x2 ,..., xN)r, we set 
xO=(x;,X;,...,X;;)T (2.3) 
and 
Q(x) = E P$;, 
i 
m w T 
c P”X,“,..., c P&l . 
i 
(24 
n=O n=O n=O 
Then, from (2.1) we obtain, as in Saitoh [5, 61: 
THEOREM 1.1. For any vector x E C N and for any positive definite 
N x N Hermitian matrix A, we obtain the inequality 
3. 
@(x)*@(A-‘) -‘a(x) < @(x*Ax). (2.5) 
EQUALITY STATEMENT 
We consider the equality problem for the inequality (2.5). 
First, when p, + 0 (n 2 2), from the (n + l)th term in (2.1) we obtain the 
inequality 
and equality in (3.1) holds if and only if x is expressible in the form ck, for 
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some constant c and for some X. Furthermore, for x = ck,, equality holds in 
(3.1) for any n > 2 (Saitoh [7, Corollary 2.11). 
We assume that there exists an n,, such that p,,, # 0 for n, > 2. Then, we 
see that if equality holds in (2.5), then x is expressible in the form ck,. 
Further, when equality holds in (2.3) for ck,, we shall determine c 
completely: cf. Saitoh [5]. For this purpose, we consider the two expressions 
@(ck,) = f p”c”kp 
n=O 
(3.2) 
and (1.5). We fix distinct m and n (m, n >, 1, m < n). In (3.2) and (2.1) the 
sums of the (m + 1)th and (rr + 1)th terms are 
pmcmkA@ + p,c”k,O (3.3) 
and 
(3.4) 
respectively. By setting 
0 x(l) = Pmc”k, , xc2) = p,c”ka, (3.5) 
and 
we obtain the inequality 
(3.8) 
IIX (l) +x(2)lliqA;‘+‘4; ) ] ’ -’ G lIx(l)ll&A,, + llX(2)llfi,A2, (3.7) 
(Saitoh [7, Corollary 1.11). Furthermore, from the equality statement in this 
corollary, we see that equality holds in (3.7) if and only if 
N_ N_ 
c ( P*qJP,cmfi; = c (P”qJP,c”a’:A for ~=1,2 ,..., IV. (3.8) 
v=l v=l 
Note that equality in (2.5) implies that (3.8) is valid for any m and n such 
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that p,,,, p, z 0 (m, n a 1). By considering as p&c = b,, and b,,,, = bPv, from 
(3.8) we obtain 
c”ty = ens;, S: the Kronecker 6. (3.9) 
We thus have 
c=O or cnmm=l. (3.10) 
Next, in three special cases we consider the equality problem. 
First, we consider the case K(v, p) = p. + p,[k(v, P)] (po, pl f 0) in 
(1.5). Then, any vector x belonging to HK is expressible in the form 
x =x,+x(‘), (3.11) 
where 
xC=(c,c ,..., c)’ and x(‘)EH~. (3.12) 
Its norm is given by 
(3.13) 
where the minimum is taken over all the expressions (3.11). See Aronszajn [2, 
pp. 252-254, p. 3821. Suppose that (3.11) is the minimum decomposition in 
(3.13) of x. Then, for any complex number y and for any vector xd, we 
obtain 
llxll;, = ;,c12 + +:, 
(3.14) 
See Saitoh [7, proof of Theorem 1.11. From arbitrariness of y, we have 
(3.15) 
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By setting d = 1 and using (3.11), we obtain 
PobA)If~ 
C= 
P1-t POb1df~ *
(3.16) 
This formula gives the minimum decomposition of x in (3.13). Hence, 
equality holds in (2.5) for p, + p,x if and only if c = p, in (3.16); that is, 
(x,&, = 1. (3.17) 
Note, in particular, that x # 0 in this case. 
Second, we consider the case K(v,p)= po+ p,[k(v,~)l” (pr,p,+O, 
n 2 2). Then, from the equality in (3.1), we have the expression 
@(ckA) = xP,+ pncnka (3.18) 
for some constant c and for some A. From the argument in the first case, we 
see that equality holds in (2.5) if and only if 
(3.19) 
as in (3.17). Since (kp,xr)H,t,n = 1, as we see directly, we thus obtain c” = 1. 
Finally, we consider the case K( V, p) = p, + p, [ k( Y, P)] m + p, [ k( Y, cl)] n 
(p,, p,, p, # 0, n > m > 2). From the equality in (3.7), we have the expres- 
sion 
@WA) = xp, + p,c’“kp + p,c”k,O (3.20) 
for some X and for some constant c satisfying c = 0 or c”-* = 1. Further, 
from the argument in the second case, we have that cm = 1 and c” = 1. We 
thus have c = 1. 
On the other hand, when x = k, for any A, we saw that the expression 
@‘(k,) = 2 Q,O 
n=O 
(3.21) 
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gives the minimum expression of @(kx) which corresponds to (2.1). Hence, 
for x = k,, equality holds in (2.5) always. We thus obtain: 
THEOREM 3.1. when there exist at least three nonzero coefficients 
in&ding p, in (1.4), then equality holds in (2.5) if and only if x is 
expressible in the form x = k, for some h. 
When p, = 0 and there exist at least rwnzero three coefficients in (1.4), 
then equality holds in (2.5) if and only if x is expressible in the form x = k, 
forsome x or x=0. 
When Q(z) = p,,,z” + p,,z” (p,,,, p, z 0; m, n > l), then equality hola!.s if 
and only if x is expressible in the form x = ck, for some X and for some 
constant c satisfying c = 0 or cnpm = 1. 
When Q(z)= p, + p,z (pO, p,# 0), equality holds if and only if x 
satisfies (3.17). 
The author wishes to thank Professors T. Ando and C. Davis for their 
valuable comments and advice. 
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